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By a decomposition theorem a higher order nonlinear spinorfield equation can be transformed 
into a set of first order nonlinear spinorfield equations, i. e. into an auxiliary field formulation 
which allows canonical quantization. The quantum dynamics of the auxiliary fields is expressed in 
algebraic Schrödinger representation and admits only unphysical state spaces with indefinite metric. 
Regularization of the classical theory is transferred into quantum field theory by a noninvertible 
map from the corresponding auxiliary field state space into an associated physical state space, 
the metric of which is positive definite. For the effective dynamics in the physical state space 
probability current conservation is proved, and for physical states which describe composite particle 
configurations the existence of the state space is demonstrated. 
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Introduction 

First order nonlinear spinorfield equations in Min-
kowski space with canonical quantization and local 
selfinteraction are nonrenormalizable in perturbation 
theory. In former times this fact was considered as an 
absolute argument against the use of such equations. 
However, in the mean time the attitude towards such 
equations has changed. At present the strict refusal of 
nonrenormalizable theories has been given up, see for 
instance Weinberg [1], and spinorfield models are in 
accordance with the modern theoretical trends. In par-
ticular in quantum chromodynamics spinorfield mod-
els are used as effective theories in order to avoid the 
complications of the calculation with the full gluon-
quark dynamics, cf. Vogl and Weise [2], and for such 
models mainly nonperturbative calculations are of in-
terest. But independently of the special calculation 
scheme, by use of these models divergencies result if 
no regularization is applied. The most simple nonper-
turbative regularization is the cut-off regularization. 
This regularization has the drawback that it destroys 
the relativistic covariance of the theory, and as a con-
sequence reduces the theory to the status of a low 
energy effective theory cf. [2]. So the question is: 
can one find a generally valid (perturbative and non-

perturbative) regularization scheme which avoids the 
violation of covariance and allows a physical inter-
pretation without running into other difficulties? 

In this paper we introduce a regularization scheme 
which replaces a first order nonlinear spinorfield 
equation by a higher order one. The fact that higher 
order wave equations lead to regularization in clas-
sical field theory was discovered by Bopp [3] and 
independently Podolski [4] in electrodynamics. The 
problem is to see what such a procedure means for a 
quantum field theory. For instance, in quantum elec-
trodynamics Pauli-Villars regularization to all orders 
of perturbation theory can be formulated by higher 
order equations resulting from a corresponding La-
grangian similar to that of Bopp and Podolski, see 
Itzykson and Zuber [15]. But in contrast to quantum 
electrodynamics, first order spinorfields are nonrenor-
malizable and the regularization has to be applicable 
to nonperturbative calculations. This requires the de-
velopment of a complete new regularization scheme 
and interpretation. It is the purpose of this paper to 
discuss this question. 

As will be shown in the following, the spinorfield 
regularization method can be considered as a non-
perturbative Pauli-Villars regularization. This desig-
nation indicates that in comparable cases this method 
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yields the same subtractions as the ordinary (perturba-
tive) Pauli-Villars regularization, but that in contrast 
to the latter it needs not to be artificially added to the 
calculations but is a priori incorporated into the field 
theoretic formalism and can thus be applied in the 
nonperturbative range too. But before beginning with 
detailed deductions we explain the general lines of 
our method and review the specific difficulties which 
have to be mastered. 

We base our discussion on a decomposition the-
orem of classical higher order nonlinear spinorfield 
equations demonstrated by Stumpf [5] for order 
N = 3 and by Grosser [6] for arbitrary N. This de-
composition theorem enables one to transform such 
equations into a set of first order nonlinear spinorfield 
equations leading thus to the introduction of auxil-
iary fields which are similar to auxiliary fields in-
troduced by perturbative Pauli-Villars regularization 
of renormalizable quantum field theories, cf. for in-
stance Gupta [7], But if these procedures are similar, 
this raises the question about the difference between 
these classes of theories. 

The answer is that in the case of a renormalizable 
theory one can take the auxiliary field masses to in-
finity and obtain finite results that are insensitive to 
the limiting process, whereas this statement is false 
for a nonrenormalizable theory: In this case the limit 
to infinity is sensitive to the cut-off and can in gen-
eral not be performed, see Collins [8]. Hence one 
has to expect that in nonlinear spinor theories with 
nonperturbative Pauli-Villars regularization the aux-
iliary field masses can be made very large but are 
not allowed to go to infinity. This fact has serious 
consequences. Irrespective of whether one considers 
renormalizable or nonrenormalizable theories, finite 
masses of the auxiliary fields bring in their train in-
definite metric into the theory. If the limit to infinity 
can be performed, one can get rid of this indefinite 
metric, in the opposite case one has to deal with this 
question. 

Thus for nonlinear spinorfields the prize of this 
kind of regularization is the introduction of indefi-
nite metric into the theory. Apart from regularization, 
indefinite metric also appears in gauge theories for 
covariant gauges, where it is removed by constraints. 
But due to the absence of local gauge invariance in 
spinorfield models, this procedure cannot be imitated 
in this case. Nevertheless we shall show that by a 
suitable interpretation of regularization, a probabil-
ity interpretation of such a theory is possible without 
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scaling it down to the status of a low energy effective 
theory. 

The mathematical elaboration runs as follows: The 
auxiliary fields are canonically quantized. Due to the 
indefiniteness of the auxiliary field metric we apply 
a GNS-like representation of the auxiliary field state 
space and integrate this representation by means of 
a map into generating functional states. Due to the 
Heisenberg dynamics of the auxiliary fields these gen-
erating functional states fulfill corresponding func-
tional equations (algebraic Schrödinger representa-
tion). Nonperturbative regularization is defined by the 
introduction of a noninvertible map from the auxiliary 
field functionals to physical state functionals, whose 
set of matrixelements arises from the original set by 
summation over the auxiliary field indices. If this map 
is applied to the corresponding auxiliary field func-
tional equation, in the limit of a pole-dipole configu-
ration of the auxiliary fields, current conservation for 
the physical state functionals can be deduced which 
includes a probability interpretation of the physical 
functional state space. 

All these steps are formal as long as it cannot 
be demonstrated that physical state functionals re-
ally exist, i.e. are finite. In order to show this we 
consider state spaces which describe composite par-
ticle (field) configurations. For such configurations it 
can be shown that the formally defined regularization 
really works. As an input into the calculation we use 
the free Feynman propagator of the auxiliary fields. In 
this case for the example of boson-bound states exact 
nonperturbative calculations can be performed, and 
an exact effective boson-boson dynamics can be de-
rived. In this way, by direct construction of the (many) 
boson state space it is demonstrated that the effective 
boson theory allows a microscopic interpretation as a 
system of interacting bound states with a correspond-
ing probability interpretation and an effective field 
dynamics derived from the original spinorfield. 

As the construction of finite, i.e. regularized state 
spaces for composite particle (field) configurations 
was already treated in preceding papers, for brevity 
we refer to the literature and review only the results in 
the corresponding Section 7. Finally we want to em-
phasize that for closed systems the propagator should 
be selfconsistently calculated, and that the input of the 
free auxiliary field propagator into nonperturbative 
calculations is only meant as an example of a neces-
sary propagator fixing which allows very transparent 
and nontrivial calculations. As a general reference 
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with respect to the composite particle dynamics and 
its physical interpretation we refer to Stumpf and 
Borne [9]. 

I. The Decomposition Theorem 

The basic quantities of the model are two four-com-
ponent Dirac spinor-isospinor fields &Aa(x), where 
ol = 1 , . . . , 4 is the spinor index and A = 1,2 the 
isospinor index. We postulate the following nonlinear 
field equation for these fields: 

(ih^dM - cm)r^SAB^Bß(x) = g[VAa(x) (1) 

which exhibits a scalar and a pseudoscalar coupling of 
the Dirac spinors and a scalar coupling of the isospin 
components. The superscript "reg" denotes the special 
kind of regularization already announced and will be 
defined below. 

Equation (1) may be abbreviated as 

( i f t y ^ - c m Q S A B ^ B ß ( x ) (2) 

= gVABCD VBß(x)&c-Y(x)VD6(x), nr ß 7 h 

where the vertex is defined by 

2 

VABCO :=TöAB6CDvHAßV" (3) 
OL ß 7 ft ' * 

h=\ 

vl
aß:=öaß, v2

aß := i"Yaß. 

The adjoint spinor-isospinor field 

&Aa(x) := *Bß(X)LI JAB (4) 

satisfies the adjoint equation 

(-iTi V 3 m - crn)TZg
ß6ABVBß(x) (5) 

= gVABCD ^D6(x)^c-y(xWBß(x). a ß 7 A 

The coupling constant g is real and will be fixed later. 
With respect to the choice of the vertex we refer to 
Grimm [10], who performed a systematic discussion 
of vertex expressions. As we will perform a quanti-
zation of the spinorfields as fermion fields, we have 

to consider them on the "classical" level as anticom-
muting Grassmann variables; this leads to the anti-
symmetrization VABCD = —VADCB of the vertex. 

nßy f, c S 7 ß 
The invariance groups of the field equations (2) and 

(5) are the Poincare group, a global SU(2) isospin 
group and a global (7(1); the mass terms, however, 
break the chiral symmetries. The invariance of (2) 
and (5) with respect to the discrete C-, P- and T-
transformations is established on the quantum level, 
i. e. if (2) and (5) are considered as equations for anti-
commuting operators. A detailed account of discrete 
transformations is given by Grimm [10]. 

Finally we explain the superscript "reg" of the 
Dirac operator in (2) and (5). It indicates that the two 
equations have to be regularized if applied in their 
quantized version. We define the regularization by 

( i h ^ d „ - cmTal := (6) 

[(zfi,7Mc)M — cm\)(ihYdv — cm2)(ih/ypdp — cm?.)] a(3 

with 

(mi)a0 := rriiöaß, i= 1,2,3, (7) 

where i = 1,2,3, are real and m\ 4 rri2 
i. e. we regularize (2) by a third order differential op-
erator. For later applications we assume m\ > 7722 > 
777,3. A theorem which decomposes a linear Dirac 
equation with higher order derivatives, i. e. (2) with 
V = 0, into a set of linear Dirac equations with first 
order derivatives was first proved by Wildermuth [11]. 
The extension to the decomposition of nonlinear field 
equations is nontrivial. 

The relation between a higher order differential 
(field) equation and first order equations with V ^ 0 
can be established by the following "decomposition 
theorem" which was proved for Â  = 3 by Stumpf [5] 
and for general N by Grosser [6]. 

Proposition 1.1: Let {777t, i = 1 , . . . , AT, N > 2} be 
a set of real parameters with ml ^ mk, V i y k and 
D a complex variable, then the following statements 
hold: 

i) Let ^ = $(x) be a solution of an A t̂h order 
equation 

N 

JJ(L> - m W = VW], (8) 
i=i 
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where V[&] is a (nonlinear) interaction term, and let 3 _ 3 _ 
iPi = ip^x), i = 1 , . . . iV, be auxiliary fields which *Aa(x) = ^ ^ « » ( z ) , &Aa(x) = ^ipAaiix), (16) 
are defined by i= l 1=1 

N and the auxiliary fields satisfy the first order differen-

A •= K f [ ( D - * = 1' • • •'N tial ecluations 

k=\ 
(ihjßdß - cml)aß6ABipBßi(x) (17) 

fc=i 

with 
N 3 

A, := T7(m; - mky\ i = \,...,N. (10) = qKVabcd V ipBßj(x)ipc-yk(x)ipDSi(x) XX et ß -y 8 ' ^ 
k+i 

Then it holds 

N 

,/3-r Ä j,k,l=\ 
and 

(-zft T7m9m - cml)aß6AB^Bßi(x) (18) 

3 

= g\lVABCD ^D6l(x)lpCrk(x)^B0j(x) 
a I h « * ' 

j,fc,i=l 
and the auxiliary fields are solutions of the first order 
equations with n 0 summation over i on the left-hand sides. Due 

to (4) from (16) the relation N 
(D-mi)i,i=\,v[YJ^],i = l,..-,N(\2) = (19) 

j=1 

with no summation over i on the left-hand side. f o l l o w s ' e- ^ h a s t 0 b e t h e a d J o i n t auxiliary field 
ii) If the fields ^ = Ux), * = are sP1"or- . 

solutions of (12) with At of (10), and if 9 = *(*) is F i n a l l y w e m e n t l o n t h a t t h e o f s a t l s f y t h e 

defined by (11), then the relations (9) hold and # is a Pauli-Villars regularization conditions, see Pauli and 
solution of (8) • V l l l a r s [12], Rayski [13], Bogoltubov and Shtrkov 

[14]: 
The decomposition theorem is also valid for ope-

rator-valued D and can be easily extended to multi- 3 3 
component equations. Thus we can apply it to the ^ Aj = 0 , ^ A lm l = 0. (20) 
field equations (2) and (5) by defining the auxiliary i=i »=i 
fields 

Thus in combination with the Lagrange formulation 
J y for the auxiliary fields our regularization (6) turns out 

ipAar(x) := K ßdß-cmk)aß6ABVBß(x), (13) t 0 b e a nonperturbative Pauli-Villars regularization. k= 1 

2. Canonical Spinorfield Quantization 
3 

ipAai(x) := At JJ(—ih — cmk)aß^AB^,Bß(x) In order to derive conservation laws and to carry out 
k=x canonical quantization, we need the Lagrangian of the 

(14) 
fields. This program can be successfully performed 

with only if the field dynamics is based on first order dif-
3 ferential equations. Thus the decomposition theorem 

At := JJ(cra* - cmk)~x. (15) serves as a means to apply spinorfield regularization 
k=\ and the canonical formalism simultaneously. So in 

the following all derivations and conclusions will be 
Then according to Proposition 1.1 we have the inverse based on the auxiliary spinorfield dynamics given by 
relations (17) and (18). One can easily verify that (17) and 
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(18) follow by variation with respect to ipAai(x) or 
ipAaiix) from an action with the Lagrangian density 

= £ k i n V " ] + AntlV', (21) 

3 

= E - cml)aß8AB^Bßi(x) 
i= 1 

3 g -

i,j,k,l=l 

where £]dn has the structure of a Pauli-Villars regu-
larized Lagrangian. But as far as Cmt is concerned, 
in conventional quantum field theory £jnt is regular-
ized by hand and not automatically by the formalism 
itself, see, e. g., Itzykson and Zuber [15]. In contrast 
to this common usage, the Lagrangian (21) automati-
cally provides also a regularization of the interaction 
term, and this regularization is independent of the 
kind of calculation. In particular it does not depend 
on the application of perturbation theory, as will be 
demonstrated in the following. Thus by the decom-
position theorem we have achieved a nonperturbative 
Pauli-Villars regularization. 

In order to examine the conserved quantities we 
define 

0*0 : = 
8 £ 

SdulpAaiix)' 
(22) 

Due to the translational invariance of the Lagrangian 
and its action, it follows that according to Noether's 
theorem the energy-momentum vector 

P " •= J T°M(r, <)d3r (23) 

with the canonical energy-momentum tensor density 

T*v(x) := Aai(x)d^Aai(x) - r f " C { x ) (24) 

is a conserved quantity. 
The canonically conjugated momentum 7rAai(x) := 

7r®ai(i) to tpAai (.x) can be calculated by means of (21) 
and (22) and reads 

ih - 0 ih 
ItAaiix) = —ll)Aßi(x)lßa = —1pAai(x) (25) 

A,; Ai 

with no summation over i on the right-hand side. The 
hamiltonian density follows from H(x) := cT°°(x) 
and is given by 

H := K1 j ^Aarir) {-ihjkdk+cmi)aß (26) 

• 6ABipBßi(r)d r 

3 

ipAai(.r)i/jBßj(r) 
i,j,k,l=l 

$c-rk(r)ipDSi(r)d r 

with ipAai(r) = ipAai(r, 0) With the decomposition 
theorem we are prepared to canonically quantize the 
regularized spinorfield which is dynamically charac-
terized by the Lagrangian density (21). The canonical 
anticommutation relations read 

[*Acxi(r,t),ipBßj(r',t)]+ = ih6lj6AB6aßö(r - r'), 

[^Aai(r,t)^Bßj(r',t)]+= 0, (27) 

[irAai(r,t),7TB0j(r',t)]+ =0 

for equal times. These equal time relations indicate 
that the complete CAR-algebra is already defined at 
an arbitrary, but fixed moment of time. The dynamical 
evolution of a quantum system is then described by a 
continuous group of automorphism of this algebra. If 
one substitutes (25) into (27) these relations go over 
into the spinorfield relations 

[ ^A a i ( r ^X^Bß j ( r ' , t ) ] + = KSijÖABSaßöir - r ' ) , 

[ipA«i(r,t),ij;Bßj(r',t)]+=0, (28) 

[rAai(T,t),ii,+Bßj(r',tj\+ = o. 

Due to (20) not all Xt can be positive quantities. Thus 
(28) shows that regularization enforces indefinite met-
ric by producing alternating signs in the anticommuta-
tion relations of the fields. This feature of spinorfield 
theory will be discussed below. 

The regularization effect can be drastically seen 
if one derives the anticommutation relations for the 
original field &Aa(x) from (28). With (11) we obtain 
from (28) by means of (20) 
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K a ( r , t ) ^ B ß ( r ' 1 t ) ] + (29) 

3 

i,j= 1 

3 

= Y - r') = 0, 
i,j= 1 

[««('•.o.v.t (3°) 
= [VAa(T,t),VBß(r',f)]+= 0. 

Thus the canonical quantization of the auxiliary fields 
is equivalent to a noncanonical quantization of the 
original field. The latter relations (29) were already 
assumed by Heisenberg [16], but without the back-
ground of a decomposition theorem and thus without 
relation to a strictly canonically quantized system. 
It is just the combination of our regularization with 
CAR-algebra and Hamilton formalism which allows 
a successful treatment of spinorfield dynamics. 

In general a quantum theory is assumed to pos-
sess a representation in a Hilbert space, i.e. a vector 
space with a positive definite metric. As already men-
tioned in the introduction there are, however, promi-
nent examples of theories which enlarge the con-
cept of Hilbert space. Without referring to specific 
physical systems we first discuss the formal aspects 
of such generalizations. The properties of represen-
tations and corresponding representation spaces of 
CAR- or CCR-algebras, respectively, depend on the 
sign of the anticommutators or commutators defining 
the algebra. If all basic anticommutators or commuta-
tors have the same sign, then there exist representation 
spaces with positive definite metric. If these quantities 
have alternating signs, then the corresponding repre-
sentation spaces are indefinite. 

For instance, vector fields in covariant quantization 
possess basic commutators with alternating sign due 
to their dependence on the metrical tensor r)ßU. An-
other example are the spinorial anticommutators (28), 
and, as announced in the introduction, we will just 
treat these kinds of systems. Hence the state spaces 
under consideration must be vector spaces IH with in-
definite metric, i.e. vector spaces with a scalarproduct 
(•, •) : IH x IH —•d, and with the properties 

i) {a\xx + o 2 x 2 , y ) = a\{xuy) +a2{x2,y) 
for all o i , a2 G(C. x\,x2,y G IH, 

ii) (y, x) = (x, y)* for all x, y G IH, 
iii) (x, x , ) < 0 for at least one x G IH. 

Furthermore to be able to make nontrivial state-
ments about the state space, in particular to introduce 
a basis in IH, we assume IH to be a Krein space, i. e., 
IH is nondegenerate and has the decomposition 

IH = IH+ © IH_ 

with IH+ C P + + , IH_ C P—, where 

P + + := {x G IH, (x,x) > Oorx =0}, 

p— := {x G IH , (x ,x) < 0 o r x = 0}, 

and where IH+ and IH_ are assumed to be intrinsic 
complete, while © denotes the orthogonal direct sum. 
The decomposition is referred to as fundamental de-
composition. We assume that the Krein spaces are 
spanned by a set of generalized eigenstates for a set 
of commuting selfadjoint observables. With respect 
to the latter the following statements can be verified 
for Krein spaces: The adjoint of an operator with 
dense domain of definition in IH exists and is unique; 
the adjunction is an involution on the representation 
of the algebra, cf. Bognar [17]. Furthermore in such 
spaces suitable representations of the physical trans-
formation groups exist, see, e. g., Bracci, Morchio and 
Strocchi [18] or Schlieder [19]. 

In general the eigenstates of a set of commuting 
observables on an indefinite state space need not con-
stitute a basis of this space. However, in Krein space 
one can find generalized eigenstates enlarging the set 
of eigenstates to a set of basis states of IH, cf. Bog-
nar [17]. Hence all the physics and "non-physics" 
can be covered by this construction and one can base 
the probability interpretation on it. Another compli-
cation in indefinite state spaces is the fact that the 
eigenvalues of selfadjoint operators, in our case the 
momentum and spin parameters p and s may take 
complex values. However, it is easy to show that in 
Krein space the eigenvalues of selfadjoint operators 
for eigenstates with a nonvanishing norm are real. Due 
to the non-degeneracy of the Krein space in particu-
lar the eigenvalues of the states spanning the physical 
subspace IHph are real. Hence quantum theory in IHph 
can be developed as usual. 

Of course for a suitable physical interpretation of 
the theory the physical subspace must be positiv defi-
nite. In the wellknown examples of gauge theories the 
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subspace IH+ is directly defined to be the physical sub-
space , i.e. IHph = IH+ and by suitable subsidiary con-
ditions the physical processes are confined not to leave 
this subspace. In the case of the regularized spinor-
field such subsidiary conditions, which are connected 
with gauge invariance, do not exist. Hence we have to 
apply a new method in order to construct the physi-
cal subspace. This method consists in a single valued 
mapping from IH to IHphys and it is IHPhys 4 IH+. 
Naturally by this mapping information about the full 
statespace IH is lost. But IH is unphysical and it can-
not be the task of a physically interpretable theory to 
deliver information about unphysical state spaces. We 
will discuss the construction of IHphys in Sects. 5, 6, 
and 7. 

3. Superindexing 

Formally, superindexing is a very compact nota-
tion for the spinorfields and their equations. Later on, 
however, it will turn out that superindexing is indis-
pensable for an appropriate phenomenological inter-
pretation, i.e. for the physical understanding of the 
theory. 

We introduce the charge conjugated spinorfields 

$Aai(X) := CaßipAßiix) (31) 

with the charge conjugation matrix C, and rewrite 
(17) and (18) in terms of tp and This gives 

( i h Y d M - cmi)aßÖABi>Bßi(x) (32) 

= g\lVABcDC1i Y ^Bßj(x)ipcc€k(x)ipD6i(x) 
j,k,i= l 

and 

(ihj^d^ - cml)aßöABipc
B(3l(x) = -q^Vabcd (33) 

^ n ' ß ' i S ' 

3 

j,k,i=l 

with no summation over i on the left-hand sides. From 
(29) it follows that also = ^ ip̂  and anticom-
mute for equal times. Hence the vertices in (32) and 
(33) have the same antisymmetry properties as the old 
ones. 

Equations (32) and (33) can now be combined into 
one superspinor equation if we introduce superspinors 
by the definition 

, , v . J IpAazix), A = 1 
tAaiACx) •= { j,cAai(x)t A = 2. (34) 

Together with the superindex Z := (A, o, i, A), where 

A = 1,2 (isospinor index) 
a = 1,2, 3,4 (spinor index) 
2 = 1,2,3 (auxiliary field index) 

A = 1,2 (superspinor index), 

(32) and (33) can be rewritten as 

(Dzxz2^n ~ mZlz2)ipz2(x) (35) 

= Uziz2ziz4ipz2(x)ipzi(x)ipz4(x) 
with 

DZ,Z2 '•= , a 2 ^ , A 2 A 2 , (36) 
:= cmi,ÖA,A26a,a26i,i2ÖA,A2, 

2 

h=l 

(vhC)aja4 SAi A4 6A? \SA42, 

Bi2iii4 = I for 22, «3, U = 1,2,3, 

where is a formal quantity expressing the aux-
iliary field summation in the vertex, and with 

Üzi z2ziz4 — UZx[z2ZsZ4] (37) 

due to the total anticommutativity of the sum of all 
auxiliary fields in the vertex. 

In contrast to the sum of all auxiliary fields, the sin-
gle auxiliary fields fulfill nontrivial anticommutation 
relations (28) which read in superindex notation 

hMr,t),^z'(r',t)]+ = Azz'6(r - r') (38) 
with 

:= Wü'&AA'OaACI0) (39) 

no summation over i on the left-hand side and o1 = 

(? o)-
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Moreover as often as possible we still use a more 
compact notation by combining (Z, x) into only one 
general index I := (Z, x) and denote the underlying 
index set with X. In this case (38) can be rewritten as 

W i A i ' t 1 ' = A n . (40) 
with 

A w : = A Z Z ' 6 ( r - r ' ) . (41) 

In a similar way equation (35) can be compactified 
and reads 

Kh h *l>h = wh h h h $h ^h^h, (42) 

where the following abbreviations are used: 

K h h - . = ( D ^ - m ) h h (43) 

with 

D?ll2:=D»ZiZ26(xl-x2), (44) 

m J x h := m Z l z 2 6(x\ ~ x2), (45) 

and 

^ H H H H '•= U Z 1 Z 2 Z 1 Z A X 1 - X 2 ) (46 ) 

• 6(xi - X3)6(Xi - x 4 ) , 

and where the summation convention is assumed to 
range over the whole set of indices in I = (Z, x). 

In the course of our investigations we will also need 
a version of (42) where (42) is resolved with respect 
to ipj, and t is considered as an evolution parameter. 
In this case we transform (42) into 

h2 d 
i — —iph= Kh h + WIx hh/4iph -0/, , (47) 

c at 

where all field operators have to be taken at the same 
time t, and exclude t from the summation convention. 
The corresponding definitions are 

K U h ,= i D \ ^ [ D k
z ^ k - m z , Z l ) b { r , - r 2 \ (48) 

W h h h U := - i D % x Z ß Z 5 Z l Z , z J ( r \ ~ r 2 ) , (49) 

• 5(r i — VT,)6(r\ — r 4 ) 

and the summation convention is assumed to range 
over the indices (Z, r) in I = (Z, r , t). 
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4. Algebraic Schrödinger Representation 

Probability conservation for ordinary Dirac equa-
tions is proved by using the Hamilton form of the 
Dirac equation. The analogous formulation in quan-
tum field theory is the algebraic Schrödinger repre-
sentation. The explicit evaluation of this representa-
tion depends on the ability to define appropriate basis 
vector systems. We emphasize that in quantum field 
theory this must be done in accordance with general 
ideas of algebraic representation theory and axiomatic 
quantum field theory. The corresponding construction 
of basis vector systems in Algebraic Quantum The-
ory is the GNS-construction (Gelfand-Naimark-Segal 
construction, cf. Bratelli and Robinson [20]), a gen-
eralization of the Fock space construction. 

The GNS-construction provides genuine represen-
tations of the basic field operator algebra. As already 
mentioned, this algebra is already complete (or even 
overcomplete) at any spacelike hyperplane. In our 
case this is expressed by the equal time anticommu-
tation relations (28). For simplicity we will only con-
sider spacelike hyperplanes defined by t = const. 

The GNS-construction is based on the existence 
of cyclic vectors. Excluding the groundstates of ther-
mofield dynamics we assume that a suitable cyclic 
vector is given by the physical groundstate |0) € IH. 
Then the set of basis vectors is generated by the appli-
cation of monomials of field operators to the ground-
state |0), and according to the completeness, or even 
overcompleteness of the algebra on any spacelike hy-
perplane we confine these products to equal times in 
their coordinates. 

In the following we use the abbreviation 

(</>/, • • • ) t := -0z, ( r , , t)... ipZn ( r n , t) (50) 

for field operator products at equal times which are 
the generating elements of our GNS-construction. For 
spinorfields the symmetric products can be excluded 
and we define for antisymmetric products the corre-
sponding GNS-basis vectors by the set 

m-.= {A{^Il...ipIn)t\0), NE IN}, (51) 

where A means antisymmetrization in I\ . . . 7n , i. e. 

A (rpii . . . V / J T := ^SGN(P)V/IM . . . V W (52) 
p€Sn ' 
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With respect to the set IB any state \a) G IH can be 
represented by 

n / , . . . / „ 

(53) 

where p[n)(11 ... In\a) is antisymmetric in I\ . . . In 

for t\ = ... = tn = t. 
However in algebraic Schrödinger representation 

the states (53) are not directly calculated. Rather one 
considers the set of matrixelements 

rt
(n\a) := (0\A (V/, • • • ipin)», n = 1 . . . oo. (54) 

In Fock space such objects like (54) are referred to 
as "wavefunctions". In GNS-spaces we can maintain 
this designation, but have to pay attention to the fact 
that the state norms are not as simple as in Fock space. 

In order to obtain a compact formulation of the field 
dynamics we define for the sets of matrixelements 
(54) generating functionals. To this end we introduce 
the generators of a CAR-algebra on the hyperplane 
t = const by 

j\ := Jz(r) a n d :=3z( r)> (55) 

and mark them with the superscript t. In this case we 
understand the symbol I to be an abbreviation for I = 
(Z, r , t) with the fixed parameter t. In particular the 
summation convention does not include the parameter 
t in the following. 

The anticommutators of the CAR-generators on the 
hyperplane are then given by 

PU<]+ = o, 
[jiA] + = 6zz'6(r - r'), 

and their Fock space representation results from 
0 ' / ) + I ° ) f = 3/ |0)f = 0. The state |0)F is again 
assumed to be a cyclic state of a corresponding func-
tional space For brevity we do not explicitly 
introduce the transformation properties of the gener-
ators (55) but refer to Stumpf and Borne [9]. 

We define functional states on the hyperplane by 

£ |a) 

A ••• j /J°>F 

n n=l /,.../„ 
(58) 

with 

r [ n \ / , . . . In \a) := ( 0 . . . V/,)t |a), (59) 

and in this way we associate to any state |a) £ IH a 
functional state I^O'^a)) € 

We observe that the Heisenberg formula itiO = 
[O, H]_ can be applied to any observable O, which is 
given as a power series of field operators, in particular 
to the antisymmetrized products An. This leads to 

= [AWh...ipIn)t, H]_ , (60) 

or in combination with the eigenstates of H to 

ih-{0\A(il)Ix...ii>In)t\a) 

= (Ea-EQ){0\AWh...^In)t\a). 

(61) 

The evaluation of these relations can be performed 
by bringing the field dynamics into play. In Stumpf, 
Fauser, and Pfister [21] and in Stumpf and Borne 
[9] this evaluation was done with the replacement 
of the time derivatives in (61) by the corresponding 
equations of motion for the ^-field and subsequent 
antisymmetrization. But the most simple way is the 
direct evaluation of the right-hand side of (60) in 
functional space as was demonstrated by Stumpf and 
Pfister [22]. This leads to the following proposition: 
Proposition 4.1: The set of equations (60) for n = 
1,2, . . . , o o can be equivalently expressed by the 
functional equation 

( 5 6 ) £>1.40"; a)) = [ K i ^ A - W / . w j } , (62) 

( d / 4 d / A + ^ U j A h j J j J j A ) ] • 

This proposition rests on the evaluation of the for-
mula 

Ep0\A(j\a)) = [H{-dt
+

l-Ajt) (63) 

- - ' - A j ^ A t f , a)). 

The functional equation (62) holds for any represen-
tation. It contains no elements which are referred to 
a special representation. Such representation fixing 
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elements can be introduced by general normalorder-
ings. In the simplest case propagators are used for 
normalordering. Thus for any state |a) (E IH we de-
fine normalordered functional states on a spacelike 
hyperplane t = const by 

| : = exp [ i j ^ ( r O F ^ r ^ v i ) (64) 

• 4 h ) d 3 r 1 d 3 r 2 ] | i 0 ' t ; a ) ) 

oo .n 

z—' n\ 
n = 1 

with the propagator 

F h z 2 ( r u r 2 ) •= ( 0 | 0 ) , (65) 

where ijjf
z(r,t) is a solution of equation (35) for 

UZ\Z2ZsZ4 = 0. 

Proposition 4.2: The normaltransform of (62) reads 

EpolTijt-a)) = d \ ^ { r ) D \ Z x 

• {(Dfcafc - m ) Z l Z 2 a t
Z 2 ( r ) + UZlz1zizA 

• [d'zS^d^d^ir) 

1 

(66) 

+ 4 ^ z 4 z , 4 ( r ) A Z 3 Z 6 Ä 6 ( r ) d t
Z i ( r ) ] } 1^0"; a)) 

with 

4 , (r i) := 4 ( r i ) ' ' J E h z 2 ( V i, r2)jz2(r2)d3r2• (67) 
• 

Then (66) can be equivalently written in the form 

Ep0\f(jt-a))=H¥{j\dt)\F{jt-a)) (68) 

with the functional Hamilton operator 

n ¥ ( j : = j / I ^ 1 / 2 3 t
/ 2 + ^ ; 1 / 2 / 3 / 4 (69) 

+ ^ / 4 K , A . h K i ^ l j K j K ^ h ~ 

+ jAj4 K\ A'2 )E/2 K-\j\\ Jk'i 

H. Stumpf • Nonlinear Spinorfield Quantum Theories 

5. Regularization and Field Dynamics 

So far we have formally developed the Algebraic 
Schrödinger representation, but we have nothing said 
about regularization. Due to the necessity to perform 
a well-defined canonical quantization of the classical 
regularized spinorfield model (1), its quantum field 
theory was formulated by way of auxiliary fields and 
elementary calculations show that the corresponding 
GNS-matrixelement are partially singular or diver-
gent and that the state space metric becomes indefi-
nite, see Stumpf and Borne [9]. 

Obviously these difficulties can only be removed 
if the regularization of the original "classical" spinor-
field equation can be transferred to its quantum field 
theory formulation. Considering perturbative Pauli-
Villars regularization we remember that in the process 
of calculating vacuum expectation values the singular 
propagators are replaced by additive regularized ex-
pressions. Can one find a nonperturbative counterpart 
in the Algebraic Schrödinger Representation? In the 
absence of a selfconsistency calculation we assumed 
the free auxiliary field propagator to be a reasonable 
approximation, see (64) and (65). We write it in the 
form 

F«.«2 (X\,X2) = (70) 

[ d 4 p e i p ( x , _ I 2 ) f ! c) 
J v7 + Ja 7 J a,a2 

with k = (A , A). Summation over i\,i2 and applica-
tion of the decomposition theorem yields 

P" 1-2(xi,x2) = y^E<M«2 (x i ,x 2 ) L / K1 

1 

• |'-2 ^ 1 2 
i\,i2 M ' 2 

(71) 

n l c 
r=i 

i.e. a regularized fermion propagator. 
From this result it follows imperatively that the 

only way to achieve a nonperturbative regularization 
consists in summing over the auxiliary field indices. 
Therefore we define the physical, i. e. regularized nor-
malordered state amplitudes (p(n) by 
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<p(?l..an (ri . . . r n | a ) := £ ( n . . . r n | a ) , 
Il-.-tr» M 

(72) 

in accordance with the regularized propagator (71). 
One immediately realizes that <£>(n) has the same trans-
formation properties as the original tp(n) V n. 

Can one derive an associated dynamical law 
for (72), i.e. the one-time physical amplitudes? To 
answer this question, we consider the projection of 
(68) into configuration space. This gives the following 
set of equation for the normalordered G.N.S.-matrix 
elements: 

n 

AE(fn(Ii ... IJ 
1=1 

' 1=1 A) ...A„ 

• fn+lU-iJ^Ix 1 • • • ht-iJlhui • • • I\rl) 

+ "7 E 4 (73) n ! A, An 

n 
• { E t - O ' ^ . ^ n O W A , • • • /A,_2/A, • • • A J 

1=2 

+ N j 4 h I x 2 l ^ ( n - 2)(n - l)n^n_2(J2 /A4 • • • 

+ Nj4j^j2ix2i\?ii\A(n ~ 3)(n - 2)(n - l)n 

• ^n_4(7A5 . . . /A„)| 

with 

NjijAi2i) := 3FJ4IiFJ^J^ + - A J ^ A J ^ (74) 

and 

J, j2I2/3/4 : = iv j3 j 4 j 2 FJ 2 / 4 (75) 

We now decompose the Index / := Z, r with Z := 
(A, o, yl, i) into Z = (z, i) and 2; = (A, a, yl) and the 
index J = U,r into U = (p,j) etc.. In accordance 
with (48) and (49) we then have = D^Z26 i l i2 
and 

(76) 
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In order to study the time evolution of the regular-
ized physical functions (72) we summarize the set of 
equations (73) over i\ ... in. Due to (20) and (76) all 
terms containing W vanish and one obtains 

AE(pn ( r i " - r A (77) 
\zi...znJ 

n / r \ ... ri... rn \ 
- £ £ iD°zlzmit(pn z{ ... z ... zn . 

1=1 »,...»„ \ i\ ... ii.. .in J 

Evidently (77) is no selfconsistent equation for the 
calculation of (pn. Rather (77) brings about a con-
nection between regularized physical amplitudes and 
auxiliary amplitudes. This result can be explained in 
the following way: If one applies the regularization 
prescription (72) to the antisymmetrized field mono-
mials (59), due to (16) these monomials are trans-
formed into those for the original «^-fields and due 
to their vanishing anticommutation relations (29) and 
(30) no Heisenberg equation of motion (60) can ex-
ist, i.e. no algebraic Schrödinger representation can 
be calculated. This, of course, holds for their normal-
transforms (72) too. Therefore (77) has to be con-
sidered as an exact subsidiary condition only, analo-
gously to the Lorentz condition in quantum electro-
dynamics. 

Hence the auxiliary canonical field formulation in 
Algebraic Schrödinger representation is indispensi-
ble for the calculation of the dynamical evolution of 
the regularized spinorfield. 

But how can one work with the latter represen-
tation if it produces a singular function? This prob-
lem will be treated in Sect. 7, and irrespective of this 
problem we can draw a first conclusion from (77). 
In accordance with the assumption of a Krein space 
for the representation of the auxiliary field space the 
spectrum of eigensolutions of (73) must be real, i.e. 
AEk = e*;, k = 1 . . . 00 are real values. In addition, 
for the further treatment of (77) we assume that the 
set of eigenvalues {e^} does not depend on the auxil-
iary field indices i. This assumption will be justified 
in Sect. 7 too. 

We now rewrite (77) in a more suitable form. We 
define the spintensors 
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(78) £ [0n(j)+ß(D^(ii...il...in\k)6mll 

ß(l) •— a, • • • ßaia't • • • ^ana'n ij ...in 

for all integers n = 1 . . . oo. For abbreviation we sup- - ipn(i\ ...it... in\j)+ß(l)(pn(k)ömll] 
press all indices and coordinates aside from the aux-
iliary field indices. Then we consider equations (77) Provided that ...n ...ii...in) contains no 
for AE = ek and the Hermitian conjugate equations . , . . . 
for AE - e This ives divergent terms and that the physical functions <pn are 
or - 6 j . is gives regular, the last term in (82) vanishes in the limit of 

n vanishing auxiliary field mass differences örrii. But 
ek(pn(k) = ~iJ2 cth(l)dh(ri)(pn(k) (79) t h e essential point is that such a limit procedure is 

only allowed after all calculations were performed. In 
this case this limit means the transition to a massive n 

+ gn^ y m 0 j u.) subfermion and a massive subfermion dipole ghost at 
Z s n the same (high) mass value. Then one gets from (82) 1=1 t l - . - t n 

and (efc - e3) [<pn{j)+(pn(k)] = (83) 
n 

e0(pn(j)+ = i Y , M r i ) t > n ( j ) + a \ D (80) £ ^ a \ i ) M k ) ] , 

n 

+ ^ mlltpn(i i . ..ii... in\j)+ß(l) and integration over r i . . . r n leads to 
Z=1 ii ...i„ 

Now we multiply (79) from the left hand side by ^ ~ f ( . . . ( / 
^ n O T a n d (80) from the right hand side by (pn(k), 
i.e. we form the (super) spinorial scalarproduct of n r 
these spintensors. Afterwards we subtract the result- • d3ri . . . dV n = -i ^ / [ßnÜ'^COßnCfc)] 
ing equation (80) from (79). This yields '=i 

(Cfc - = (81) • d 3 n • • - d 3 r n = 0. (84) 

. ^ , . + h i The right hand side of (84) is a IR?n highdimensional 
-z <Wz) [<£n(j) a (l)<pn(k)\ divergence in the integrand and vanishes if the physi-

/=1 cal amplitudes (pn(k) satisfy corresponding boundary 
n conditions at infinity. This assumption corresponds to 

+ Y\ ...ii...in\k) t h e physical situation of local processes which even 
l=] i[..,i„ for scattering processes in the laboratory has to be sat-

isfied. Then one has to conclude that {pn(j) and <£>n(fc) 
n are orthogonal with respect to the inner product of a 

- ^ m i iVn(ii • Hilbert space. 
1=1 i\...i„ 

Then with m1 =m + Srrii equation (81) goes over into 

(ek~e3)[(pn{j)+(pn(k)] = (82) 

6. Regularization and Probability Interpretation 

In this section we continue the investigation of the 
state space of physical amplitudes. This inner prod-

n uct space cannot be the Krein space of the auxiliary 
V^ dh(rl)[<pn(j)+ah(l)<pn(k)] states, as by definition these states are unphysical 

states. /=i 
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As for a closed system without external forces the 
inner product structure has to be selfconsistently de-
fined in accordance with the system dynamics, the 
only way to proceed is the use of the dynamical equa-
tions. In order to do this we consider the time depen-
dent eigenstates 

\ z x . . . z n J \ z x . . . z n J 

By definition these states are derived from the auxil-
iary field states 

/ r \ . . . r n , t \ ( r i • • r n \ 
<Pn Z \ . . . Z n := e - ^ V n • z n * 

\ i \ - - - i n J ^ »i. • 1n 1 

(86) 

i.e. the spectrum of the physical states is identical 
with the spectrum of the auxiliary field states, a fact 
which follows directly from (77). 

Then (79) can be transformed into an equation for 
time dependent eigenstates, which is given by 

d n 

j r M t ) = - E (87) 
d t i=i 

n 

- E m^ffindi ..in\t), 

and the Hermitian conjugate equation reads 

3 n 

= - £ 3*(r,)0n0)+a*(J) (88) 
d t i=i 

n 
+ • • • k . . . i n \ t ) + ß ( l ) . 

1=1 i\ ...in 

Now we multiply (87) from the left hand side by 
( p n { t ) + and (88) from the right hand side by <pn(t). 

Addition of both expressions gives 

jt[<Pn{t)+<pn(t)} +£d f c ( r , ) [0 n (O + a f c (Z)0»( t ) ] 

n 

+ i J 2 M t ) + ß ( l ) E m i l y n ( i x . . . i l . . . i n \ t ) ( 8 9 ) 

1=1 i\...in 

n 

E m*i^n(il • • -U • • . i n \ t ) + ß ( l ) ( p n { t ) = 0. 

This result can be generalized to the case where in-
stead of single eigenstates (85) linear combinations 
of them are used. By such combinations (87) is ful-
filled too. Therefore in the following we consider time 
dependent states given by 

<f>n(ii . . . i n , i ) = £ c f c e - " f c V n ( * i • • • i n \ k ) (90) 
k 

We substitute the corresponding functions into (89) 
and obtain 

3 n 

^ [ k ( t ) + 4 > n ( t ) ] + E M r i ) [ M ) + a h W n ( t ) ] 

n 

+ * E E cleiektMk)+ß(l) E E 
1= 1 k k' i\...in 

•(pn(ii ..in\k')ck>e~ltk,t 

n 

- * E E E rnll<fn(il...ii...in\k)+clel€ktß(l) 

Z=1 k i\-..in 

k' 

Under the same assumptions as in Sect 5 we can 
perform the limit Sml —> 0 and get the final equation 

T7 [k(t)+k(t)] + E Mri) [i>n(t)+*hd)k(t)] = 0, st tr 
(92) 

i. e. continuity equations for n = 1 . . . oo. From these 
equations it follows that 0n(t)+<j)n(t) has to be inter-
preted as a positive definite probability density which 
leads to probability conservation if the amplitudes 
4>n(t) satisfy corresponding boundary conditions at 
infinity. 

Nevertheless this result is somewhat disturbing 
as instead of one continuity equation for the whole 
state one gets separate continuity equations for each 
component. To show that this leads to no contra-
diction we observe that the set of stationary am-
plitudes {(pn(r i .. .rn\k), n = 1 . . . oo} belongs to 
one state. This means that if the set of amplitudes 
{ipn(Ii • • • n = 1 . . . oo} is a solution of (73), 
then also {Mk^pn{I\ . . . In\k), n = 1 . . . oo} is a solu-
tion of (73), i. e. the original set can only be multiplied 
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by one common constant J\fk without destroying its 
property to be a solution of (73). 

Therefore by definition let us consider the normal-
ization integrals of the original set (<£n(^)} 

<Pr 
rx . . . r7 

Z\ . . . zr 
k <pn 

rx...rn 

Z\. . ,zn 
k ) d 3 n r = a£. 

(93) 

Then the set {A4 <£«(&)} leads to the normalization 

r i ... r 
W 2 tpr 

r\ ... r7 

Z\ . . .Zy 

= Wk\2an
k. 

k (pr Z\ . . . zr 
k ] d 3 n r 

(94) 

From this it follows that the only way to normalize 
the state |k) is given by the condition 

(95) 
n= 1 

We apply this condition to (92). We integrate (92) 
over IR3n. In accordance with the assumed boundary 
conditions we then get with (93) and (84) 

d_ 
dt 

[ 0 „ ( * ) + 0 n ( * ) ] d 
3 n , (96) 

d_ 
dt 

• fa 

Y , [ c l e ^ t c k l e - i ^ t ^ r x . . . r n \ k ) + 

kk' J 

If in the expansion (90) normalized amplitudes are 
used, then (96) leads to 

(97) 

and in accordance with (95) summation over n yields 

i. e. probability conservation for arbitrary time depen-
dent amplitudes (90) referred to normalized states. 

7. Physical State Space Construction 

In the preceding sections we demonstrated that by 
means of the auxiliary field dynamics regularized 

physical field amplitudes can be derived for which 
the interpretation and conservation of probability can 
be proved. However the preceding calculations leave 
the question undecided whether the formally defined 
physical amplitudes really do exist in particular with 
respect to the fact that for these regularized ampli-
tudes no algebraic Schrödinger representation can be 
selfconsistently calculated. In the following we dis-
cuss how by means of covariant equations for time 
ordered matrixelements this problem can be solved. 

Whithout trying to give a full treatment of this sub-
ject, we concentrate on the development of compos-
ite particle theory i. e. we study representation spaces 
which correspond to the description of composite par-
ticle processes. In this case some definitive statements 
about the existence of the representation can be made. 
As the corresponding results were already published, 
see for instance [9] etc. we refer to the literature and 
give only a summary which emphasizes the essential 
points of view. 

We start with the definition of single composite 
particle states. We define hard core bound states for 
fermion numbers n = 2, 3 , . . . and quantum numbers 
p as solutions of the diagonal part of (66): 

= O / A ' A - 3 V F / l W 4 (99) 

• K K J i ^ I A ) 
where the single composite particle quantum numbers 
p have to be sharply distinguished from the quantum 
numbers a of the full states (64). Due to the alge-
braic degrees of freedom which are contained in the 
symbolic indices I , (99) is rather complicated even 
for the low fermion numbers n = 2 ,3,4. However, 
these complications can be reduced if (99) is related 
to its covariant counterpart equation. This is a special 
feature of quantum field theory and it may be used to 
obtain solutions of (99) via the solution of the asso-
ciated covariant equation with covariant sources jk, 
see [9] 

(98) K h l 2d l 2 \T(j- ,p)) d = l W I ] l 2 h l 4 
(100) 

FuK3Kdh<h2\T{j\p)Y 

where according to (43) - (46) and (70) 

Khh = [D^Z2dß(xi) - mZ]z2]S(x\ - x2) , (101) 

^hhhu = Uz,[z2z^z^(x\-x2)S(xl -x3)6(xi-x4\ 
(102) 
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Fhh (103) 

• A (zi - x2 ,m I 1) 

with the superindex k defined by k = (A , yl), and 
where A (xi — x2, mli) is the Feynman propagator 

/

p — ipx 

~2 2—dV pA — raz + it 

Equation (100) admits separate solutions in any fer-
mion number sector. Thus for the bound state func-
tionals we apply the ansatz 

(104) 

For simplicity we confine ourselves to the description 
of boson processes with composite bosons from n=2 
states in (104), which were already thoroughly studied 
cf. Stumpf and Borne [9]. We first discuss the results 
for the single boson states. 

i) Bound states of two subfermions (subfermion 
fields) can be exactly calculated in the auxiliary field 
formalism. These bound states have to transform 
themselves in a relativistically covariant way. There-
fore their defining equations must be covariant, too. 
They are given by (100) with the associated energy 
equation (99). The relation between covariant solu-
tions of (100) and noncovariant (one-time) solutions 
of (99) is established by Prop. 6.2 in [9]. 

The exact solutions of (100) for vector boson states 
are derived by Prop. 6.4 in [9], From this proposition 
it follows that the associated secular equation for the 
vector boson mass can be exclusively formulated 
by means of fully regularized Green functions and 
propagators (71), in spite of the use of the auxiliary 
field formalism. For the explicit numerical evaluation 
of this secular equation, which leads to finite val-
ues of pb, we refer to the thesis by Sand [23]. The 
corresponding exact vector boson states depend on 
the auxiliary field indices, and as a consequence of 
this they contain singular distributions. In contrast to 
that, the physical amplitudes <p{2) are fully regular-
ized, as can be verified by summation over i \ , i 2 , and 
the eigenvalues do not depend on the auxiliary field 
indices, provided we consider bound state solutions. 

Now we turn to the full theory. To describe bo-
son processes the original spinorfield theory has to 

be transformed into a theory for composite boson 
states. The description of bosons as bound states of 
subfermions and the derivation of a corresponding ef-
fective dynamics has to start from the normalordered 
energy equation on the hyperplane (66). This was jus-
tified in detail in [9]. Hence the intended map has to be 
applied to (66). An inspection of this equation shows 
that the set of solutions can be subdivided into two 
classes which completely decouple: those with all co-
efficent functions of ^ ( j ^ a ) ) belonging to an even 
number of arguments, and those with an odd num-
ber of arguments. With respect to the mapping onto 
a boson theory for two-particle bound boson states 
only the first class of solutions is of interest. Thus we 
confine our considerations to the functional states 

00 (-1V1 

a)) = V — 4 r ^ 2 n \ h • • • hn\a) (105) 
to

 ( 2 n ) !  

• j / , ••• j /2J0>F 

on the hyperplane t = const. 
ii) In the auxiliary field formalism the one-time nor-

malordered state amplitudes <p(n) are assumed to be 
representable by expansions into series of m-particle 
field states, m < n. Such expansions can (to some 
extent) be justified by inserting intermediate states. 
For instance the corresponding series expansions for 
m = 2 are given by 

^ n ) ( / , . . . / 2 „ | a ) = £ C[\lh . . . C£ n ~ l / 2 n ] (106) 
fci . . . k n 

• p(n)(fci . . . kn\a), 

where j C^1' j is a complete set of two-particle states 
derived from the solutions of the hard core equation 
and [Ii . . . I 2 n ] means antisymmetrization. 

Hence the singularities of <p(2n) are expressed by the 
singularities of their substates, i.e. of the . The 
occurrence of such singularities in the set {<p(2n)}, 
however, does not disturb the derivation of an effec-
tive dynamics for these composite states. In order to 
guarantee a finite map, dual states (test functions) are 
introduced (see [9]) which completely compensate the 
singularities of the original states and lead to finite ex-
pressions of the effective dynamics. Equation (106) 
establishes a map p (n) —> <p(2n). If the set {C^7 } is 
complete the inverse mapping (/?(2n) —• p (n ) exists, 
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i. e., the map is bijective, provided only symmetrized 
p(n\k\ ... kn) are admitted. The connection to effec-
tive field equations is established by interpreting the 
boson coefficient functions p{n) as symmetrized ex-
pectation values of effective boson field operators; for 
a detailed discussion we refer to [9]. 

Equation (106) provides additional evidence for 
the use of (66) as the starting point of Weak Mapping. 
One can expect the set of functions C1^2 to be com-
plete only on a hyperplane t = const, if one rejects 
Euclidean field theories as unphysical and compares 
the functions C^112 with ordinary quantum mechani-
cal wave functions. Only if due to completeness rela-
tions the map (106) is bijective, (106) allows a faithful 
mapping of the basic field dynamics and prevents an 
uncontrollable loss of information of the basic theory. 
Thus the need for completeness enforces the use of 
the noncovariant formalism for the meaningfull defi-
nition of Weak Mapping. 

In spite of the independence of Weak Mapping 
from the functional space, we want to formulate the 
results of Weak Mapping by functional equations. 
This was done in the following proposition derived 
by Pfister and Stumpf [24], This proposition is an 
alternative version to a theorem of Kerschner and 
Stumpf [25]. 

Proposition 7.1: By the transformation (106) the 
functional energy equation (66) of the fermionic 
spinorfield (34) is mapped onto the following func-
tional boson energy equation: 

E^\B(b-a)) =2Rk
hKKhl2Cl2Kbkdk,\B(b-,a)) (107) 

- WKxhhU\6FhK2Rk
KiKiCl:,hbkdk> 

- 3 6 F U K 2 R k ^ K ^ R % K C ^ , 2 h C ^ K ' h k x b k 2 d k ' d k ' 2 

FT',,, - ^ A L FT4 

pes3 

• C !^hAbk tbk2dk ' + 2 4 R k ^ ^ R K ^ R K ^ K C 1 ^ 6 

C^K* ]bkxbklbk^dk 'dk '^\ + + - A I i K l 

AhK,)FhKAY^n(p)-[\2RkliK RK„, K„pkpk2 

+ 4 S 7 ' r ' R is rs R w IS ^Pl^-5 I>2 6 AJ»3A7'4 Ck,5 "bklbk2bk^dk> 

+ 48 R ft;M ft5 
pfc4 MKsK^KjKs] ... nis / o , / 

bkl...bk4dk[dk,]}\B(b-,a)) 

with 

\B(b-a)) :=U\B(b;a)), (108) 

OO J 

B(b- a)) := ~P{n\kx ...kn \ a)bk{ ...bkn |0) a 

n=0 

(109) 
and 

00 1 / / 

n = 0 

• ci* lKl• • • ck',i-'K27i]B{o\dkn...afcl,(iio) 
where the bk and their duals dk> are Fockspace op-
erators of a boson functional space which by def-
inition is completely independent of the fermionic 
functional space used for generating functional states 
in (105). • 

For the rather extensive proof of Proposition 7.1 we 
refer to [9]. Without proof we remark that for com-
parison with the results by [24] and [9] the following 
identities have to be used: 

V hh dk\B(b-,a))=J2c!]hdl\B(b-a)) (111) 

and 

W hh hh dkdk,\B(b-,a)) (112) 

= Yc!]l2C!^dldr\B(b-a)), 

p e s 4 

where V and W are defined in [24] and [9]. 
Equation (107) represents a faithful mapping of 

the spinorfield dynamics onto a boson field dynamics 
and it contains all subtleties of the interactions of 
the fermionic constituents of the boson states under 
consideration. In order to extract the main physical 
effects from this equation we have to simplify and to 
approximate it in a suitable way. But this is not the 
topic of this paper. 
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We can summarize the results of nonperturbative 
Pauli-Villars regularization of the spinorfield model 
in the following way: 

The fact that a quantum field theory allows vari-
ous inequivalent representations is used to define a 
composite particle representation (105) (106) of the 
spinorfield state space. Due to a one-to-one map-
ping, Proposition 7.1 states: If the functional state 
B(b;a)) (109) is a solution of (107), then the func-
tional state \ f { j \ a)) (105) must be a solution of (68) 
(69) if the relation (106) is postulated. In the limit of 
a monopole-dipole regularization, current conserva-
tion (92) holds for the associated regularized states 
(72), which arise from the states (105). The corre-
sponding densities are for all a, i. e. for all defining 
quantum numbers integrable functions because due to 
(106) they contain products of regularized hard core 
functions which carry the whole coordinate depen-
dence of the states under consideration and whose 
densities are integrable. 

Furthermore, according to (106) the regular-
ized {p{2n) contain also the coefficient functions 
p^n\k\ ... kn | a). These functions follow from (107). 
This equation results from the auxiliary field dynamics 
and is completely free of singular expressions because 
by introduction of dual states all singularities con-
tained in the mapping (106) are compensated. Hence 
the p(n) should be finite too. Therefore the single 

composite particle bound states (p{rn) are elements 
of a corresponding Hilbert space in accordance with 
the field dynamics, and every <£(n) which is composed 
of these substates is an element of a Hilbert space, 
too. 

According to this summary we can assume that the 
norm expressions (93) and (94) really exist. But if 
this is the case, then (96) has a definite meaning and 
a probability interpretation of the physical state space 
is possible. 

In the other attempts undertaken so far, emphasis 
was laid on a physical probability interpretation of 
the original ghost field theories themselves, see for 
instance the older book by Nagy [26] or the recent 
treatment of Faddeev-Popov ghosts etc. by Nakanishi 
and Ojima [27]. In our approach the auxiliary (ghost) 
field theory is considered as unphysical, and in accor-
dance with our discussion the physical theory is sep-
arated from the unphysical theory by a noninvertible 
map. 

On the other hand, the unphysical theory is indis-
pensible as it provides the basis for that map, and the 
new feature of this approach is the close connection 
of regularization, probability conservation and com-
posite particle dynamics. 

I thank Prof. Alfred Rieckers for a critical reading 
of the manuscript and valuable comments. 
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